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1. Introduction
There are several papers dealing with ﬂat Lagrangian submanifolds of Cn in the sense of Riemannian geometry. In this
paper we study ﬂat aﬃne Lagrangian surfaces in C2. The class of aﬃne Lagrangian submanifolds in the complex aﬃne space
Cn contains the class of Lagrangian submanifolds of the Euclidean Kaehler space Cn , but it is much larger. Especially, if
we restrict to positive deﬁnite metrics on Cn . Every immersion f : M → R2n of an n-dimensional real manifold M can be
locally regarded as an aﬃne Lagrangian submanifold but there exist immersions which cannot be (even locally) Lagrangian,
in the metric sense, relative to any Kaehler structure on R2n (parallel relative to the standard connection), see [3]. Recall
that an immersion M → C2 of an n-dimensional real manifold M is called aﬃne Lagrangian if J f∗(TM) is transversal
(not necessary orthogonal) to f∗(TM). The transversal bundle J f∗(TM) induces a linear connection on M and an aﬃne
Lagrangian submanifold is called ﬂat, if the induced connection is ﬂat.
Our aim is to describe locally ﬂat aﬃne Lagrangian surfaces in C2. We want to get a description as much geometric as
possible. Therefore we no dot propose a general statement (possibly by means of differential equations) dealing with all
such submanifolds, but we distinguish some geometric properties and study subclasses depending on the properties. For
instance, we obtain an almost product structure and the fact that some distributions of this structure are totally geodesic
(or not) give various descriptions. For some subclasses we get explicit parametrizations.
Minimal ﬂat as well as ﬂat aﬃne Lagrangian surfaces, for which a weak aﬃne invariant g introduced [3] vanishes, were
already described in [3] and [4]. Roughly speaking, they are cylinders or cones or tangential developables. Therefore we shall
study only those ﬂat aﬃne Lagrangian surfaces for which g has rank greater than 0. Classiﬁcation theorems are contained
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B. Opozda / Differential Geometry and its Applications 27 (2009) 430–441 431in Section 3 of this paper. The basic fact dealing with surfaces under consideration is that they admit a 1-distribution on
which the second fundamental tensor is proportional to the identity.
In Section 4 we study the question whether to a given ﬂat aﬃne Lagrangian surface in C2 it is possible to adopt a Kaehler
structure (deﬁnite or indeﬁnite) on C2 relative to which the surface is metric Lagrangian. A surface for which there exist
such a Kaehler structure on C2 will be called metrizable. It turns out that the metrizability of ﬂat aﬃne Lagrangian surfaces
is rather exceptional. It shows again that the class of aﬃne Lagrangian submanifolds is essentially bigger than the class of
metric Lagrangian submanifolds, even if we admit indeﬁnite Kaehler metrics.
2. Basic notions
Let Cn be the standard complex aﬃne space with the standard complex structure J and the standard connection ∇˜ . This
is a homogeneous space under the action of the general complex aﬃne group GA(n;C).
Assume M is an n-dimensional real manifold and f :M → Cn is an immersion. We shall say that f is aﬃne Lagrangian
if for each x ∈ M the tangent space f∗(TxM) ⊂ Cn generates (over C) the whole complex vector space Cn . In other words,
J ( f∗(TxM)) as a real vector subspace of Cn is transversal to f∗(TxM) for each x ∈ M . We endow an aﬃne Lagrangian
submanifold f : M → Cn with the transversal bundle J ( f ∗(TM)). This transversal bundle will be called the normal bundle.
It is obviously invariant relative to the action of the group GA(n;C). More precisely, if P ∈ GA(n;C) and f :M → Cn is aﬃne
Lagrangian, then P ◦ f is also aﬃne Lagrangian and P∗ J f∗(TM) is the normal bundle of the immersion P ◦ f . If f (u1, . . . ,un)
is a parametrization of f , then f is aﬃne Lagrangian if and only if detC( fu1 , . . . , fun ) = 0 at each point.
From now on we assume that n = 2 and we have an immersion f :M → C2 of a 2-dimensional real manifold M . At
each point x ∈ M either J f∗(TxM) = f∗(TxM) or J f∗(TxM) is transversal to f∗(TxM). If the ﬁrst situation holds at every
point of M , then M inherits a complex structure from C2 and f becomes a holomorphic immersion relative to the inherited
structure. If the second possibility holds everywhere on M , then f is aﬃne Lagrangian.
If X , Y are vector ﬁelds (local) on M , then we can split the vector ﬁeld ∇˜X f∗Y into the tangential and transversal parts
and we can write the following formula
∇˜X f∗Y = f∗(∇X Y ) + J f∗Q (X, Y ). (1)
∇ is a torsion-free connection on M and Q is a symmetric tensor ﬁeld on M of type (1,2). The connection ∇ is called
the induced connection and Q – the second fundamental tensor. We shall also write Q XY = Q (X, Y ). For each ﬁxed vector
ﬁeld X , Q X is a ﬁeld of endomorphisms. By Q will be also denoted the bundle homomorphism
Q : TM 	 X → Q X ∈ HOM(TM). (2)
By the image of Q at x ∈ M , denoted by im Qx , we shall mean the space
im Qx = span
{
Q (X, Y ); X, Y ∈ TxM
}
. (3)
Let R denote the curvature tensor of ∇ . We have the following Gauss equation
R(X, Y ) = Q X Q Y − QY Q X . (4)
It follows that tr R(X, Y ) = 0, and consequently, the Ricci tensor of ∇ is symmetric. The Ricci tensor of ∇ will be denoted
by Ric. The Ricci tensor of a connection on a 2-dimensional manifold completely determines the curvature tensor. Namely
we have
R(X, Y )Z = Ric(Y , Z)X − Ric(X, Z)Y . (5)
In particular, a torsion-free connection ∇ on a 2-dimensional manifold is ﬂat if and only if its Ricci tensor vanishes.
We also have the Codazzi equation. Namely,
∇Q (X, Y , Z) = ∇Q (Y , X, Z) (6)
for all X , Y , Z , where ∇Q (X, Y , Z) stands for (∇X Q )(Y , Z).
An aﬃne Lagrangian submanifold is called minimal (special) if the Maslov form deﬁned by τ (X) = tr Q X is the zero
1-form. The geometric meaning of the minimality is explained in [2]. We shall call an aﬃne surface ﬂat if its induced
connection is ﬂat, that is, the curvature tensor R of ∇ identically vanishes.
If X, Y is a basis of a tangent space TxM , then the second fundamental tensor is given by the matrices of Q X , QY
relative to the basis X , Y :
Q X =
[
a c
b d
]
, QY =
[
c e
d k
]
. (7)
In the paper we shall need a symmetric bilinear form g introduced and studied in [3]. Namely, if Q is a tensor of type
(1,2) on a 2-dimensional vector space V and X , Y is a basis of this vector space, then
g(X, X) = det Q X , g(Y , Y ) = det QY , g(X, Y ) = 1 det
[
a e
b k
]
, (8)2
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form, denoted in this paper by g .
If C2 is regarded as a Kaehler manifold with a Kaehler metric G (i.e. G( J X, J Y ) = G(X, Y ) for every X, Y and ∇˜G = 0),
then a real surface for which J f∗(TM) is transversal and G-orthogonal to f∗(TM) is called Lagrangian. In this paper we
shall call them metric Lagrangian.
We also allow the metric G to be indeﬁnite. In such a case G on C2 has signature (2,2) and the induced metric G on M
must be non-degenerate indeﬁnite. In the metric case additionally holds the formula
G
(
Q (X, Y ), Z
)= G(Q (Y , Z), X) (9)
for every X, Y , Z ∈ TxM , x ∈ M .
If ∇ is a torsion-free connection on a 2-dimensional manifold M and (u, v) is a coordinate system on M , then we set
U = ∂u , V = ∂v and
∇U U = AU + BV , ∇U V = CU + DV , ∇V V = EU + F V . (10)
If Ric is the Ricci tensor of ∇ , then
Ric(U ,U ) = Bv − Du + D(A − D) + B(F − C),
Ric(U , V ) = Dv − Fu + CD − BE,
Ric(V ,U ) = Cu − Av + CD − BE,
Ric(V , V ) = Eu − Cv + E(A − D) + C(F − C). (11)
If an aﬃne Lagrangian surface f (u, v) is given, then the Christoffel symbols of the induced connection ∇ will be given by
(10) and the matrices of the second fundamental tensor Q will be given by (7), where X = U and Y = V .
Throughout the paper we shall use the following fundamental theorems, [1]:
Theorem 1. Let f1, f2 :M → Cn be two aﬃne Lagrangian immersions of a connected manifold M. Let ∇1 , ∇2 be the connections on
M induced by f1 , f2 respectively and Q 1 , Q 2 be the second fundamental tensors for f1 and f2 respectively. If ∇1 = ∇2 and Q 1 = Q 2 ,
then there is a complex aﬃne transformation P of Cn such that f2 = P ◦ f1 .
Theorem 2. Let M be a simply connected n-dimensional manifold, ∇ be a torsion-free connection on M and Q – a symmetric (1,2)-
tensor ﬁeld on M. If ∇ and Q satisfy the Gauss and the Codazzi equations, then there is an aﬃne Lagrangian immersion f : M → Cn
for which ∇ is the induced connection and Q is the second fundamental tensor.
Proposition 3. Let G be a metric tensor ﬁeld on a connected n-dimensional manifold M and f :M → Cn be an aﬃne Lagrangian
immersion. If the induced metric is the Levi-Civita connection for G and G(Q XY , Z) = G(Q X Z , Y ) for every X, Y , Z ∈ TxM, x ∈ M,
then there is a Kaehler metric G on Cn relative to which f is metric Lagrangian.
Recall that a theorem of Cartan–Norden for aﬃne Lagrangian surfaces in C2 says that if the induced connection on an
aﬃne Lagrangian surface in C2 is the Levi-Civita connection for some metric tensor ﬁeld G on M and the induced connection
is nowhere ﬂat (i.e. R = 0 everywhere on M), then there is a Kaehler metric on C2 relative to which f is metric Lagrangian,
see [1]. The assumption that the induced connection is nowhere ﬂat is essential in all theorems of Cartan–Norden type. We
are concerned with the ﬂat case and therefore we can use only Proposition 3.
The considerations in this paper are of local nature. The phrase “around a point x” will stand for “in some suﬃciently
small neighborhood of x”. If necessary the neighborhood is connected and simple connected. If Φ is a tensor ﬁeld on some
domain, then Φ = 0 (resp. Φ = 0) will mean that Φ = 0 (resp. Φ = 0) at each point of the domain.
3. Non-minimal ﬂat aﬃne Lagrangian surfaces
We shall ﬁrst collect examples.
Example 4. Let C˜(v) be a real-valued function deﬁned on some interval of R. Take the curve q(v) = e(
∫
C˜)+iv in the plane C.
We have q′ = (C˜ + i)q. Deﬁne p2(v) as
∫
q. Let p1(v) be an arbitrary curve in C. Deﬁne a ruled surface in C2 by
f (u, v) = (p1, p2) + u(q,0). (12)
We have
fu = (q,0), f v = (p′1,q) + u(q′,0).
In particular detC( fu, f v) = q2 = 0, that is, f is aﬃne Lagrangian. We also have
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f vv =
(
p′′1 + uq′′, (C˜ + i)q
)
.
On the other hand
fuu = A fu + B fv + ai fu + bi f v ,
fuv = C fu + Dfv + ci fu + di f v ,
f vv = E fu + F f v + ei fu + ki f v = (ρ, Fq + kiq),
where ρ is some C-valued function. It follows that C = C˜ , F = C , k = 1, c = 1, A = B = D = 0. Consequently
∇U U = 0, ∇U V = CU , ∇V V = EU + CV , (13)
where C = C˜ , E is some function and
QU =
[
0 1
0 0
]
, Q V =
[
1 e
0 1
]
, (14)
where e is some function. Formulas (14) and the Gauss equation yield that the induced connection ∇ is ﬂat. By (11) we
now have that Eu = C˜ v . Hence Euu = 0. Let E(u, v) = E1(v)u + E2(v). Then
ρ = E1uq + E2q + Cp′1 + Cu(C + i)q + eiq + ip′1 + ui(C + i)q.
Since ρ = p′′1 + uq′′ , we have
C ′ = E1
and
(E2 + ei)q + (C + i)p′1 = p′′1. (15)
From the ﬁrst equation we get E1. From the last equation one can compute E2 and e. In particular, if p1 = p2, then
E2 = e = 0.
In this example the distribution kerτ is ∇-parallel.
Example 5. Let C˜ , c˜ be real numbers. Assume that at least one of the numbers is not zero. Let L(u) be a curve in C2 such
that detC(L(u), L′(u)) = 0 for all u. Deﬁne
f (u, v) = e(C˜+c˜i)v L(u). (16)
We have
fu = e(C˜+c˜i)v L′(u), f v = (C˜ + c˜i)e(C˜+c˜i)v L(u).
Hence f is aﬃne Lagrangian. We also have
fuv = (C˜ + c˜i) fu,
which means that C = C˜ , c = c˜, D = d = 0. We can now write
f vv = (C + ci)2 e(C+ci)v L(u) = (C + ci) f v .
Therefore E = e = 0. In particular Q V = cI, where I is the identity tensor ﬁeld, and the distribution spanned by V is parallel
relative to the induced connection ∇ .
Example 6. Let f be a Cartesian product of two regular plane curves, i.e.
f (u, v) = (ϕ(u),ψ(v)) ∈ C2.
We have
fu = (ϕ′,0), f v = (0,ψ ′),
fuu = (ϕ′′,0), fuv = (0,0), f vv = (0,ψ ′′).
Hence f is aﬃne Lagrangian, B = b = 0, C = D = c = d = 0, E = e = 0. In this case, if g is non-degenerate, then it is
indeﬁnite and the asymptotic distributions of g are spanned by U and V . The asymptotic distributions are parallel relative
to ∇ . The standard Clifford torus in C2 is of this type. Namely, it is given by the immersion f (u, v) = (eiu,eiv).
We shall need the following algebraic lemma:
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non-zero and for every Z ,W ∈ V holds the equality Q Z QW = QW Q Z , then there is a basis X , Y of V relative to which Q is expressed
by the matrices:
Q X =
[
0 c
b 0
]
, QY =
[
c 0
0 c
]
, (17)
where c = 0 or
Q X =
[
0 0
0 0
]
, QY =
[
0 0
0 k
]
, (18)
where k = 0. The directions of X and Y are unique.
If τ = 0, then g = 0.
Proof. For any basis Z , W of V we have
Q Z =
[
a c
b d
]
, QW =
[
c e
d k
]
. (19)
By virtue of the condition Q Z QW = QW Q Z we get⎧⎪⎪⎨
⎪⎪⎩
(a + d)c = ac + be,
bc + d2 = da + kb,
ae + ck = c2 + de,
cd = be.
(20)
If τ = 0 then kerτ is a 1-dimensional subspace of V . Take X spanning kerτ .
Formulas (20) now become⎧⎨
⎩
0 = ac + be,
0 = b(c − k) + 2a2,
0 = 2ae + c(k − c).
(21)
Consider ﬁrst the case where det Q X = 0, i.e. g(X, X) = 0. Suppose that b = 0. By (21) we get a = 0. This contradicts
the assumption det Q X = 0. Hence b = 0. We can choose Y linearly independent of X such that g(X, Y ) = 0. The direction
of such a Y is unique. By (21) e = − cab . Since g(X, Y ) = 0, the vectors (a,b) and (e,k) are proportional and consequently
a(k+ c) = 0. Since τ (Y ) = 0, we have k+ c = 0 and consequently a = 0. Using (21) one now easily sees that the matrices of
Q X , QY relative to the basis X , Y are as in (17) with b = 0 and c = 0.
Consider now the case where det Q X = 0. There is a non-zero vector Y such that Q XY = 0. Assume that Y can be chosen
linearly independent of X . Then, since τ (X) = 0, we have a = 0. By (21) either b = 0 (and Q X = 0) or e = k = 0. The last
condition contradicts the assumption τ (Y ) = 0. Hence Q X = 0. The space im Q is 1-dimensional in this case and Y can be
chosen as a vector spanning this subspace. If im Q were spanned by X , then τ would vanish. We have got (18).
By the above considerations we also know that if det Q X = 0 and Q X = 0, then ker Q X must be spanned by X . For
any vector Y linearly independent of X we have a = b = 0. By (21) we also have c(c − k) = 0. Since Q X = 0, c = 0 and
therefore k = c. Y can be chosen such that Q (Y , Y ) is proportional to Y . Namely, if necessary, it is suﬃcient to replace Y
by −eX + cY . We have got (17) with b = 0 and c = 0.
It is easy to see that if Y = 0 is such that the endomorphism QY is proportional to the identity, then the direction of Y
is unique.
If τ = 0, then k = −c. If we assume this, formulas (21) mean that g = 0. The lemma is proved. 
Observe that if a ﬂat aﬃne Lagrangian surface f :M → C2 is such that at each point of M it holds (18), then g = 0 on M
and the homomorphism Q given by (2) is not a monomorphism at each point of M . Therefore on a dense open subset of
M the surface is locally either a cylinder or a cone or a tangential developable, see [3].
If (17) holds, then rk g > 0.
From now on we shall consider only nowhere minimal aﬃne Lagrangian surfaces, that is, τ = 0 everywhere. Because of
the results mentioned above, we shall also assume that g = 0 at each point. For such a surface we have a 1-dimensional
distribution kerτ on M . By the above lemma we see that, if g = 0 on M , then there is a unique distribution, say D,
complementary to kerτ such that for every Y ∈ D, Y = 0, QY is proportional to the identity and QY = 0. We shall say that
Q is proportional to the identity on D. We have
Proposition 8. If f :M → C2 is a ﬂat aﬃne Lagrangian surface and g = 0 everywhere on M, then f is nowhere minimal and M admits
an almost product structure (kerτ , D), where D is the distribution on which Q is proportional to the identity, that is, for Y ∈ D, Y = 0
the endomorphism Q Y is not zero and is proportional to the identity.
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Lemma 9. Let f :M → C2 be an aﬃne Lagrangian submanifold. If there is a 1-dimensional distribution D on M on which Q is
proportional to the identity, then around each point of M there is a coordinate system (u, v) relative to which Q is given by the
matrices
QU =
[
0 1
b 0
]
, Q V =
[
1 0
0 1
]
, (22)
where b is a function of u. Moreover, for the induced connection ∇ , we have F = C and bE = D.
Proof. For a surface satisfying the above assumptions we have τ = 0 everywhere on M . Hence kerτ is a 1-dimensional
distribution on M . It is complementary to D. If (u, v) is a coordinate system such that U spans kerτ and V spans D, then
QU =
[
0 c
b 0
]
, Q V =
[
c 0
0 c
]
. (23)
We shall now use the Codazzi equation. By a straightforward computation one gets
(∇U Q )(V ,U ) = (cu − cD)U − bCV ,
(∇V Q )(U ,U ) = (bE − 2cD)U + (bv + bF − 2bC)V ,
(∇U Q )(V , V ) = −cCU + (cu − cD)V ,
(∇V Q )(U , V ) = (cv − cF )U − bEV . (24)
By comparing the ﬁrst two and the last two formulas we obtain
bv = b(C − F ), cu
c
= bE
c
− D (25)
and
cu
c
= D − bE
c
,
cv
c
= F − C . (26)
It follows, in particular, that cu = 0, i.e. c is a function of v only. If we replace V by Vc , then we get a new coordinate
system for which c = 1. For this coordinate system cv = 0 and, by (26), F = C . By (25) we now have bv = 0 and bE = D . 
Remark 10. Note that in the above lemma the vector ﬁeld V is determined uniquely. It follows that it is deﬁned globally on
M . Hence M admits a nowhere vanishing global vector ﬁeld. The direction of U is also uniquely given. If Av = 0, then by
replacing U by e−
∫
u A U we get a new coordinate system which satisﬁes all the conditions of the lemma and additionally
A = 0.
We can now prove
Theorem 11. Let f :M → C2 be an aﬃne Lagrangian surface. If there is a 1-dimensional totally geodesic distribution D on which Q is
proportional to the identity, then f can be parametrized as in Example 5.
Proof. Take a coordinate system as in Lemma 9. If D is totally geodesic, then E = 0 and consequently D = 0. By the Gauss
equation the induced connection ∇ is ﬂat. By (11) we get the following equations for the Christoffel symbols of ∇:
Cu = Cv = 0, Av = Bv = 0. (27)
In particular C is constant. If f (u, v) is a parametrization of the surface then, by the Gauss formula, we have f vv = (C + i) f v
and fuv = (C + i) fu . By integrating this system of differential equations we get a parametrization as in Example 5. 
By Proposition 8 we know that if g = 0 we have a 1-dimensional distribution D on which Q is proportional to the
identity. We shall now prove the following theorem.
Theorem 12. Let f :M → C2 be a ﬂat aﬃne Lagrangian surface. If rk g is a non-zero constant on M and the distribution D is nowhere
totally geodesic, then for each point there is a coordinate system (u, v) around this point such that
QU =
[
0 1
ε 0
]
, Q V =
[
1 0
0 1
]
, (28)
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is given by
∇U U = AU + BV , ∇U V = CU + εEV , ∇V V = EU + CV , (29)
where E nowhere vanishes and C , E satisfy the following system of differential equations{( Cv−Eu
E
)
v = 2(Cu − εEv ),( Cu−εEv
E
)
v = 2ε(Cv − Eu).
(30)
Equivalently the following system of differential equations for α, β and E is satisﬁed⎧⎪⎨
⎪⎩
2β = (αE )v ,
2εα = ( βE )v ,
βv − αu = Euu − εEvv ,
(31)
where α = Cv − Eu and β = Cu − εEv . The Christoffel symbols A, B are given by
A = εE + α
E
, B = εC − β
E
. (32)
Conversely, if we have any solution E = 0, C of (30),
A = εE + Cv − Eu
E
, B = εC − Cu − εEv
E
on a simply connected domain U of R2 , then the connection ∇ given by (29) is ﬂat and there is an aﬃne Lagrangian immersion
f :U → C2 such that ∇ is the induced connection and Q is given by (28).
If E = 0, α, β satisfy the system of differential equations (31), C is a solution of the system of equations
Cv = α + Eu, Cu = β + εEv , (33)
A and B are given by (32) on some simply connected domain U of R2 , then ∇ deﬁned by (29) is ﬂat and there is an aﬃne Lagrangian
immersion f : U → C2 for which ∇ is the induced connection and Q is given by (28).
Proof. By the above considerations we know that f is nowhere minimal and we have the almost product structure
(kerτ , D) on M .
Take a coordinate system (u, v) as in Lemma 9. Assume ﬁrst that g is non-degenerate. Then the function b(u) nowhere
vanishes. By replacing U by 1√|b|U we can assume that b is constant and equal to ε = ±1. Hence D = εE . By using the
ﬂatness of ∇ we can write Eqs. (11) for the Christoffel symbols of ∇ as follows⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 = εEv − Cu + E(εC − B),
0 = Cu − Av + E(εC − B),
0 = Bv − εEu + εE(A − εE),
0 = Eu − Cv + E(A − εE).
(34)
By adding and subtracting the equations in pairs (where the last equation is multiplied by ε) we get the following equivalent
system of equations characterizing the ﬂatness of ∇⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
0 = εEv − Av + 2E(εC − B),
0 = 2Cu − εEv − Av ,
0 = 2εEu − Bv − εCv ,
0 = Bv − εCv + 2εE(A − εE),
0 = 2εEu − Bv − εCv .
(35)
Since E = 0 everywhere, by virtue of (34), we have
A − εE = Cv − Eu
E
, (36)
εC − B = Cu − εEv
E
. (37)
Using formulas (34) we also get
(A − εE)v = Av − εEv = Cu + E(εC − B) − εEv = Cu + Cu − εEv − εEv = 2(Cu − εEv ).
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Cv − Eu
E
)
v
= 2(Cu − εEv ). (38)
Similarly we obtain
(εC − B)v = εCv − Bv = εCv − εEu + εE(A − εE) = εCv − εEu − εEu + εCv = 2ε(Cv − Eu)
and consequently(
Cu − εEv
E
)
v
= 2ε(Cv − Eu). (39)
Set
α = Cv − Eu, β = Cu − εEv . (40)
Then
Cv = Eu + α, Cu = β + εEv . (41)
The integrability condition for (41) relative to C is Euu + αu = βv + εEvv .
The system of partial differential equations (38), (39) relative to the functions C, E is equivalent to the following system
of partial differential equations relative to the functions α, β , E⎧⎪⎨
⎪⎩
(
α
E
)
v = 2β,( β
E
)
v = 2εα,
Euu − εEvv = βv − αu .
(42)
Conversely, assume that we have functions α, β and a nowhere vanishing function E satisfying the system of differential
equations (42). Then C satisfying the system of equations (41) is well deﬁned. We now deﬁne A = εE + αE and B = εC − βE .
It is now suﬃcient to check that the objects Q and ∇ satisfy the fundamental equations. We shall ﬁrst check that ∇ is ﬂat.
It will automatically imply the Gauss equation. By differentiating the equality A = εE + αE relative to v and using (42) we
get
(A − εE)v =
(
α
E
)
v
= 2β = 2E
(
εC − εC + β
E
)
= 2E(εC − B).
Consequently
Av − εEv = 2E(εC − B). (43)
On the other hand
(A − εE)v =
(
α
E
)
v
= 2β = 2(Cu − εEv )
and consequently
Av + εEv − 2Cu = 0. (44)
Similarly, by differentiating B − εC , we get
(B − εC)v = −
(
β
E
)
v
= −2εα = 2ε(Eu − Cv ) = 2εEu − 2εCv
and consequently
0 = Bv − 2εEu + εCv . (45)
On the other hand
(B − εC)v = −2εα = 2εE
(
εE − εE − α
E
)
= 2εE(εE − A)
and consequently
0 = Bv − εCv + 2εE(A − εE). (46)
Eqs. (43), (44), (45), (46) are the same as in (35).
In order to check the Codazzi equation we can use (24). If we set C = F , b = ε and D = εE we get identities, which
means that the Codazzi equations are satisﬁed. The theorem is proved for ε = ±1. One can now apply Theorem 2.
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same way for ε = 0 except for replacing U by 1√|b| at the beginning of the proof and (35) which is used only at the very
end of the considerations dealing with the previous case. In case of ε = 0 the vector ﬁeld U is just spanning the distribution
kerτ and the last two equations in (35) (which are now to be checked) are
Bv = 0, E A − Cv + Eu = 0. (47)
Formula (45) gives Bv = 0. The equation E A − Cv + Eu = 0 is an immediate consequence of the formulas: A = αE , α =
Cv − Eu . The Codazzi equation is trivially satisﬁed in this case as well. 
We shall now continue considerations concerning the case ε = 0. We have the coordinate system (u, v) obtained in
the above theorem. Assume now that the distribution kerτ is totally geodesic relative to ∇ . Then B = 0, which together
with (32) means that β = 0. By (29) we see that the distribution kerτ is, in fact, parallel relative to ∇ . Using (31) we get
( αE )v = 0, which yields that Av = 0. Hence, by changing the coordinate system as in Remark 10, we get a coordinate system
(u, v) such that A = 0. Consequently α = 0. For the new coordinate system we have
∇U U = 0, ∇U V = CU , ∇V V = EU + CV (48)
for some functions E and C , where Euu = 0, Cu = 0 and Cv = Eu . In particular E(u, v) = E1(v)u + E2(v) for some functions
E1, E2. The second fundamental tensor Q is given by
QU =
[
0 1
0 0
]
, Q V =
[
1 0
0 1
]
. (49)
We can obtain a local realization of ∇ and Q by an immersion described in Example 4. Namely, take a curve q as in
Example 4. for C˜ = C . If we take a C-valued function p1(v) satisfying the differential equation (15) for p1, which in the case
under consideration is the following
E2q + (C + i)p′1 = p′′1, (50)
then we get an immersion realizing the prescribed objects. In particular, if E2 = 0, then p1 = p2 is a solution of (50). By the
fundamental theorem the realization is unique (on a connected domain) up to an aﬃne complex transformation of C2. We
have proved
Corollary 13. Flat aﬃne Lagrangian surfaces with rk g = 1 and totally geodesic distribution kerτ are locally and up to complex aﬃne
transformations those from Example 4.
We shall now look at the case ε = 1 from Theorem 12. In this case g is indeﬁnite and the asymptotic distributions of g
are spanned by the vector ﬁelds U + V and U − V . We have
∇U+V (U + V ) =
(
2(E + C) + α
E
)
U +
(
2(E + C) − β
E
)
V ,
∇U−V (U − V ) =
(
2(E − C) + α
E
)
U −
(
2(E − C) + β
E
)
V ,
∇U+V (U − V ) = α
E
U − β
E
V . (51)
The matrices of QU+V , QU−V relative to the frame U + V ,U − V are given by
QU+V =
[
2 0
0 0
]
, QU−V =
[
0 0
0 −2
]
. (52)
The asymptotic distributions of g are parallel relative to ∇ if and only if α = β = 0. Together with (52) it follows that the
immersion is a product of curves as in Example 6.
On surfaces described by Theorem 12 in cases ε = ±1 the metric g is also ﬂat.
Let g be the standard Euclidean or pseudo-Euclidean metric on R2. Any solution E (not necessarily nowhere vanishing)
of the Laplace equation
E = 0
gives rise to a ﬂat Lagrangian surface in C2. Namely, as in Theorem 12, it suﬃces to set α = β = 0, take a solution C of the
system of differential equations
Cv = Eu, Cu = εEv
and set
A = εE, B = εC, D = εE, F = C .
It is easy to see that the connection deﬁned by the Christoffel symbols A, B , C , D , E , F and the tensor ﬁeld Q given by
(28) satisfy the fundamental equations and therefore, by Theorem 2, they can be realized on an aﬃne Lagrangian surface.
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In this section we shall study when a ﬂat nowhere minimal aﬃne Lagrangian surface in C2 is metric Lagrangian relative
to some Kaehler metric (deﬁnite or indeﬁnite) on C2. We shall use the notation introduced in Section 2. In particular, if
f :M → C2 is metric Lagrangian relative to a Kaehler metric G , then the induced metric on M will be also denoted by G .
Our discussion here is mainly based on theorems of the preceding section.
In the case where the distribution D on which Q is proportional to the identity is totally geodesic aﬃne Lagrangian
surfaces may be metric but there exist non-metrizable examples as well. If the distribution D is totally geodesic, around
each point we have a coordinate system (u, v) in which F = C , E = D = 0, C is constant and Av = Bv = 0 (see the proof
of Theorem 11). Q is given by (22), where b is a function of u. As in Remark 10 we can rechoose a coordinate system in
such a way that additionally A = 0. Conversely, if we have functions A, B , C , D , E , F and b as above, then there is an aﬃne
Lagrangian immersion (unique up to a complex aﬃne transformation of C2) such that the given ∇ and Q are the induced
objects. Roughly speaking, in the case under consideration, a surface is determined by a constant C and functions B(u),
b(u). If G is a Kaehler metric on C2 relative to which f is metric Lagrangian, then, by (9), we have
bG(V , V ) = G(U ,U ). (53)
Since ∇G = 0, we have
V G(U , V ) = 2CG(U , V ), V G(V , V ) = 2CG(V , V ).
Consequently
G(U , V )(u, v) = e2Cv l(u),
G(V , V )(u, v) = e2Cv r(u) (54)
for some functions l(u), r(u). We also have⎧⎨
⎩
UG(U , V ) = (B + bC)G(V , V ),
UG(V , V ) = 2CG(U , V ),
UG(U ,U ) = 2BG(U , V )
and, by (53),
UG(U ,U ) = b′G(V , V ) + 2bCG(U , V ).
Therefore the functions l, r satisfy the following system of differential equations⎧⎨
⎩
l′ = (B + Cb)r,
r′ = 2Cl,
b′r = 2(B − Cb)l.
(55)
Conversely, if some functions l(u), r(u) satisfy (55) and br − l2 = 0, then G given by (54) and (53) is a metric tensor
ﬁeld whose Levi-Civita connection is the induced connection ∇ and (9) is satisﬁed. Hence, by Proposition 3, the surface f
is metrizable.
Consider the easiest situation, i.e. assume that the functions B , b, are also constant. If b = 0 and B , C are such that
B + bC = 0, then we see that (55) is satisﬁed by l = 0 and r = 1. The tensor ﬁeld G deﬁned by (54) and (53) is a metric
tensor ﬁeld – positive deﬁnite if b > 0 and indeﬁnite if b < 0. If b = 0 and B , C (all constant) are such that B + bC = 0 and
B − bC = 0, then the functions l = r = 0 are the only solution of (55). Hence the surface is not metrizable.
In general, the system of equations (55) for l and r is over-determined and therefore it is easy to ﬁnd examples of B , C
and b for which there is no solution of this system.
Consider one more example. Assume that we have a surface for which the distribution kerτ is totally geodesic, i.e. B = 0
(b is a function). Then (55) becomes⎧⎨
⎩
l′ = Cbr,
r′ = 2Cl,
b′r = −2Cbl.
(56)
If l, r satisfy this system of equations, then
l(u) = l1u + l2, r(u) = Cl1u2 + 2Cl2u + l3, Cbr = l′,
where l1, l2, l3 are constants. In particular, if C = 0, br must be constant. One sees that if the above system of equations is
satisﬁed, C = 0 and b = 0, then (b−1)′′′ = 0. Hence if (b−1)′′′ = 0 then the surface is non-metrizable.
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a coordinate system as in this theorem. Assume that f :M → C2 is metric Lagrangian relative to G and ε = ±1 or 0.
Formula (9) can be written as
εG(V , V ) = G(U ,U ).
The condition ∇G = 0 is equivalent to the following system of differential equations for G(U ,U ), G(U , V ), G(V , V )⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
εUG(V , V ) = 2εAG(V , V ) + 2BG(U , V ),
UG(V , V ) = 2εEG(V , V ) + 2CG(U , V ),
UG(U , V ) = (B + εC)G(V , V ) + (A + εE)G(U , V ),
V G(U , V ) = 2εEG(V , V ) + 2CG(U , V ),
V G(V , V ) = 2CG(V , V ) + 2EG(U , V ).
(57)
The equality (∇V G)(U ,U ) = 0 does not provide any new information. Assume now that ε = 0. One easily sees that the
distribution kerτ is totally geodesic if and only if the coordinate system from Theorem 12 can be chosen such that α =
β = 0. We can now prove
Proposition 14. Let f :M → C2 be an aﬃne Lagrangian immersion as in Theorem 12 for ε = 0. The immersion is metrizable if and
only if the distribution kerτ is totally geodesic.
Proof. Assume ﬁrst that f is metrizable. Since ε = 0, we have G(U ,U ) = 0, G(U , V ) = 0 and (57) becomes⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
0 = B,
UG(V , V ) = 2CG(U , V ),
UG(U , V ) = AG(U , V ),
V G(U , V ) = 2CG(U , V ),
V G(V , V ) = 2CG(V , V ) + 2EG(U , V ).
(58)
Since B = 0 and ε = 0, we have β = 0 and (31) becomes{
0 = (αE )v ,
αu = −Euu .
(59)
The ﬁrst formula implies that Av = ( αE )v = 0. It means that by changing the coordinate system as in Remark 10 we can get
a coordinate system relative to which A = 0. The new coordinate system is as in Theorem 12 and additionally α = β = 0.
Assume now that an aﬃne Lagrangian immersion f is given by Theorem 12 for ε = α = β = 0. Then A = B = 0, Cu = 0,
Euu = 0 and Cv = Eu . In particular, E(u, v) = E1(v)u + E2(v) for some functions E1, E2. Let l(v) be any solution of
l′ − 2Cl = 2E2 e2
∫
v C . (60)
One can check that G (indeﬁnite) deﬁned by
G(U , V ) = e2
∫
v C , G(V , V ) = 2uCe2
∫
v C + l, G(U ,U ) = 0
together with ∇ and Q satisfy the assumptions of Proposition 3. 
There exist non-metrizable surfaces with ε = 0. By Proposition 14 surfaces for which kerτ is not totally geodesic are
non-metrizable. Deﬁne a torsion-free connection ∇ on R2 by
∇U U = (2v)U − V , ∇U V =
(
u + v2)U , ∇V V = U + (u + v2)V . (61)
If we take Q given by
QU =
[
0 1
0 0
]
, Q V =
[
1 0
0 1
]
, (62)
then the ∇ , Q satisfy the conditions of Theorem 12 and the distribution kerτ is not totally geodesic. The surface determined
by ∇ and Q is not metrizable.
Consider now surfaces described by Theorem 12 in the case where ε = ±1. Suppose that our surface is metrizable. By
subtracting the ﬁrst two equations of (57) and using the deﬁnition of α and β we get
αG(V , V ) = εβG(U , V ). (63)
Let ε = 1 and α = β = 0. Then
α2G(V , V )2 = β2G(U , V )2 = α2G(U , V )2
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G(U ,U )G(V , V ) − G(U , V )2 = 0.
It follows that in this case a surface is not metrizable. Consider a concrete example. Set E = 1, α = β = e2(u+v) , C = 12 e2(u+v) .
The functions satisfy the differential equations (31) and (33). Hence the data deﬁne a ﬂat aﬃne Lagrangian surface which is
non-metrizable.
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